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Ž .A complete set of L r / 0 form very general Opial type weighted inequalitiesr
is given for a general linear differential operator L. These involve its related initial
value problem solution y, Ly, the associated Green's function H, and ini-
tial conditions point x g R. This work is inspired by work of R. P. Agarwal and0
ŽP. Y. H. Pang 1995, ``Opial Inequalities with Applications in Differential and
.Difference Equations,'' Kluwer Academic, Dordrecht and G. A. Anastassiou
Ž .1998, Math. Inequalities Appl. 1, No. 2, 193]200 and generalizes their related
results. An application to proving uniqueness in solutions of initial value problems
is given at the end. Q 1999 Academic Press
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MOTIVATION
w xIn 1960, Opial 4 established the following important inequality: Let
Ž . 1 Ž . Ž . Ž .f x be of class C on 0 F x F h, satisfying f 0 s f h s 0, f x ) 0 on
Ž .0, h . Then
hh hX X 2f x f x dx F f x dx , )Ž . Ž . Ž . Ž .H H40 0
where hr4 is the best constant.
402
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Ž .Integral inequalities of type ) are of great interest by themselves and
also have many important applications in the theory of ordinary differen-
w xtial equations and boundary value problems; see 1, 6 . Namely, there exist
a tremendous number of articles proving and generalizing inequalities of
Ž . w xthe above form ) , in all possible directions; e.g., see again 1, 5 . Also a
Ž .very large number of papers have been written applying ) -type inequali-
ties to establish uniqueness of initial value problems, upper bounds of
solutions, and uniqueness of boundary value problems, all for ordinary
w xdifferential equations; see 1, Chap. 6; 6 .
w xIn 1, pp. 200]204 , Agarwal first introduced and established some very
general Opial type inequalities involving generalized r-derivatives, that is,
for the class of differential operators DŽn., which properly contains ther
class of disconjugate linear operators
n
Žn. Žnyi.L [ D q a t D .Ž .Ý i
is1
Ž w x.Then Anastassiou in 1998 see 2 established for the first time Opial type
inequalities for general linear differential operators.
w xThis work is a generalization of 2 in many different directions, there-
fore mostly motivated from there, and of course motivated by the rest of
the references listed at the end.
Ž .At the end we apply Theorem 1 see Corollary 6 in establishing
uniqueness of the solution of a very general initial value problem.
1. BACKGROUND
w xHere we follow 3, pp. 145]154 . Let I be a closed interval of R. Let
Ž . Ž . Ž .a x , i s 0, 1, . . . , n y 1 n g N , and h x be continuous functions on Ii
n Ž . ny1 Ž .and let L s D q a x D q ??? qa x be a fixed linear differentialny1 0
nŽ . Ž . Ž .operator on C I . Let y x , . . . , y x be a set of linear independent1 n
solutions to Ly s 0. Here the associated Green's function for L is
y t ??? y tŽ . Ž .y t ??? y tŽ . Ž . 1 n1 n
X XX X y t ??? y tŽ . Ž .y t ??? y tŽ . Ž . 1 n1 n
.. ..H x , t [ ,Ž . ..
Žny2. Žny2.Žny2. Žny2. y t ??? y tŽ . Ž .y t ??? y tŽ . Ž . 1 n1 n
Žny1. Žny1.y x ??? y xŽ . Ž . y t ??? y tŽ . Ž .1 n 1 n
which is a continuous function on I 2.
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Consider fixed x g I. Then0
x
y x s H x , t h t dt , for all x g I ,Ž . Ž . Ž .H
x0
is the unique solution to the initial value problem
Ly s h; y Ž i. x s 0, i s 0, 1, . . . , n y 1.Ž .0
2. RESULTS
We first present the following
THEOREM 1. Let x G x , x , x g I and r ) 1, a , b ) 0, r ) a , and let0 0
Ž . Ž .continuous functions p w ) 0 and q w G 0 on I. Then
ŽŽ . .aqb rrx0 a rb





K [ ž /a q b
Ž .rya rrx Ž . Ž .Ž . b ry1 r rya1r ryar ya? q w p w P w dw , 2Ž . Ž . Ž . Ž .Ž . Ž .H 1
x0
and
w Ž .Ž . rr ry1y1r ry1P w [ p t H w , t dt.Ž . Ž . Ž .Ž .H1
x0
Proof. We observe that
w
y w F H w , t h t dt , for all x F w F x .Ž . Ž . Ž .H 0
x0
rNext by Holder's inequality with indices r ) 1 and we haveÈ Ž .r y 1
1rr
w rŽŽ . .ry1 rry w F P w p t h t dt . 3Ž . Ž . Ž . Ž . Ž .Ž . H1
x0
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We set
w r
z w [ p t h t dt , x F w F x z x s 0 , 4Ž . Ž . Ž . Ž . Ž .Ž .H 0 0
x0
so that
rXz w s p w h w . 5Ž . Ž . Ž . Ž .
Hence for any a ) 0 it follows that
a yarr arrXh w s p w z w . 6Ž . Ž . Ž . Ž .Ž . Ž .
Thus, if b ) 0 we have
ab
q w y w h wŽ . Ž . Ž .
Ž .b ry1 rr yarr brr arrXF q w P w p w z w z w . 7Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .1
Ž Ž ..Žaqb .r a Ž . w xNote that z x s 0. So we can integrate 7 over x , x and0 0
Ž . Ž .apply Holder's inequality with indices rra and rr r y a r ) a toÈ
obtain
arr
x xab bra Xq w y w h w dw F K z w z w dw , 8Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H0
x x0 0
where
Ž .rya rrx Ž . Ž .Ž . b ry1 r rya1r ryar yaK [ q w p w P w dw . 9Ž . Ž . Ž . Ž .Ž . Ž .H0 1
x0
Therefore we get the result
Ž .aqb rrx xa rb




K [ K .0ž /a q b
Ž .We have established 1 .
ANASTASSIOU AND PECARICÏ Â406
The counterpart of the previous result follows.
THEOREM 2. Let x F x ; x, x g I and r ) 1, a , b ) 0, r ) a . And let0 0
Ž . Ž .continuous functions p w ) 0 and q w G 0 on I. Then
ŽŽ . .aqb rrx x0 0a rb





K [ ž /a q b
Ž .rya rrx0 Ž . Ž .Ž . b ry1 r rya1r ryar ya= q w p w P w dw 12Ž . Ž . Ž . Ž .Ž . Ž .H 1
x
and
x0 Ž .Ž . rr ry1y1r ry1P w [ p t H w , t dt.Ž . Ž . Ž .Ž .H1
w
Proof. We observe that
x0
y w s H w , t h t dtŽ . Ž . Ž .H
w
x0
F H w , t h t dt , for all x F w F x .Ž . Ž .H 0
w
rNext by Holder's inequality with indices r ) 1 and we haveÈ Ž .r y 1




z w [ p t h t dt , x F w F x z x s 0 , 14Ž . Ž . Ž . Ž . Ž .Ž .H 0 0
w
i.e.,
w ryz w s p t h t dt F 0,Ž . Ž . Ž .H
x0
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so that
rXyz w s p w h w . 15Ž . Ž . Ž . Ž .
Hence for any a ) 0 it follows that
a yarr arrXh w s p w yz w . 16Ž . Ž . Ž . Ž .Ž . Ž .
Thus, if b ) 0 we have
ab
q w y w h wŽ . Ž . Ž .
Ž .b ry1 rr yarr brr arrXF q w P w p w z w yz w . 17Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .1
Ž Ž ..Žaqb .r a Ž . w xNote that z x s 0. Then we integrate 17 over x, x and0 0
Ž . Ž .apply Holder's inequality with indices rra and rr r y a r ) a toÈ
obtain




Ž .rya rrx0 Ž . Ž .Ž . b ry1 r rya1r ryar yaK [ q w p w P w dw . 19Ž . Ž . Ž . Ž .Ž . Ž .H0 1
x
Hence we obtain the next result
ŽŽ . .aqb rrx x0 0a rb
q w y w h w dw F K p w h w dw , 20Ž . Ž . Ž . Ž . Ž . Ž .H Hž /x x
a ar rŽ . Ž .where K [ K . We have proved 11 .0a q b
Extreme cases come next.
PROPOSITION 1. Let x G x ; x , x g I, a , b ) 0. And let continuous0 0
Ž . Ž .functions p w ) 0 and q w G 0 on I. Then
x ab
q w y w Ly w dwŽ . Ž . Ž . Ž .H
x0
b
x w y1 b aqb5 5 5 5F q w p t H w , t dt dw p Ly . 21Ž . Ž . Ž . Ž .Ž .H H ‘ ‘ž /ž /x x0 0
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Ž .Proof. We observe that x F w F x0
b
wb
y w F H w , t h t dtŽ . Ž . Ž .Hž /x0
b
w y1s p t p t H w , t h t dtŽ . Ž . Ž . Ž .Ž .Hž /x0
b
w y1 b b5 5 5 5F p t H w , t dt p h ,Ž . Ž .Ž .H ‘ ‘ž /x0
so that
b
wab y1 b aqb5 5 5 5q w y w h w F q w p t H w , t dt p h .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H ‘ ‘ž /x0
w xIntegrating that last inequality over x , x we obtain0
x ab
q w y w h w dwŽ . Ž . Ž .H
x0
b
x w y1 b aqb5 5 5 5F q w p t H w , t dt dw p h ,Ž . Ž . Ž .Ž .H H ‘ ‘ž /ž /x x0 0
Ž .establishing 21 .
PROPOSITION 2. Let x F x ; x, x g I, a , b ) 0. And let continuous0 0
Ž . Ž .functions p w ) 0 and q w G 0 on I. Then
x0 ab
q w y w Ly w dwŽ . Ž . Ž .H
x
bx x0 0 y1 b aqb5 5 5 5F q w p t H w , t dt dw p Ly . 22Ž . Ž . Ž . Ž .Ž .H H ‘ ‘ž /ž /x w
Ž .Proof. We observe that x F w F x0
b bw x0b
y w s H w , t h t dt s H w , t h t dtŽ . Ž . Ž . Ž . Ž .H H
x w0
bx0
F H w , t h t dtŽ . Ž .Hž /w
bx0 y1s p t p t H w , t h t dtŽ . Ž . Ž . Ž .Ž .Hž /w
bx0 y1 b b5 5 5 5F p t H w , t dt p h .Ž . Ž .Ž .H ‘ ‘ž /w
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So that
bx0ab y1 b aqb5 5 5 5q w y w h w F q w p t H w , t dt p h .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H ‘ ‘ž /w
w xIntegrating the last inequality over x, x we get0
x0 ab
q w y w h w dwŽ . Ž . Ž .H
x
bx x0 0 y1 b aqb5 5 5 5F q w p t H w , t dt dw p h ,Ž . Ž . Ž .Ž .H H ‘ ‘ž /ž /x w
Ž .establishing 22 .
COROLLARY 1. Let x , x g I and r ) 1, a , b ) 0, r ) a . And let con-0
Ž . Ž .tinuous functions p w ) 0 and q w G 0 on I. Then




arraÄK [ ž /a q b
ŽŽ . .rya rrx Ž . Ž .b ry1 r ryaŽ .1r ryar ya Ä= q w p w P w dw 24Ž . Ž . Ž . Ž .Ž . Ž .H 1
x0
and
w Ž .Ž . rr ry1y1r ry1ÄP w [ p t H w , t dt .Ž . Ž . Ž .Ž .H1
x0
Proof. The proof follows from Theorems 1 and 2.
In particular we get
COROLLARY 2. Let x , x g I, a , b ) 0, a - 2. And let continuous0
Ž . Ž .functions p w ) 0 and q w G 0 on I. Then
ŽŽ . .aqb r2x xab 2Äq w y w Ly w dw F K p w Ly w dw ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .H H
x x0 0
25Ž .
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where
ŽŽ . .2ya r2ar2 xa Ž .br 2yaŽ .1r 2ya2 yaÄ ÄK [ q w p w P w dwŽ . Ž . Ž .Ž . Ž .H 1ž /a q b x0
26Ž .
and
w y1 2ÄP w [ p t H w , t dt .Ž . Ž . Ž .Ž .H1
x0
Proof. The proof follows from Corollary 1, when r s 2.
Furthermore we have
COROLLARY 3. Let x , x g I, a , b ) 0, and let the continuous functions0
Ž . Ž .p w ) 0 and q w G 0 on I. Then
x ab
q w y w Ly w dwŽ . Ž . Ž . Ž .H
x0
b
x w y1 b aqb5 5 5 5F q w p t H w , t dt dw p Ly . 27Ž . Ž . Ž . Ž .Ž .H H ‘ ‘ž /ž /x x0 0
Proof. The proof follows from Propositions 1 and 2.
Next we continue our study of several other interesting cases where
Ž .h w is of fixed sign and nowhere zero.
Ž . Ž .Furthermore in the following we consider functions p w , q w that are
non-negative and Lebesgue measurable over I, points x , x g I, and real0
a q bŽ .numbers a , b , r / 0. Assume that ) 0. Here either x F w F x or0a
x F w F x .0
We denote by
w Ž .Ž . rr ry1y1r ry1P w [ p t H w , t dt , 28Ž . Ž . Ž . Ž .Ž .H1
x0
w r
z w [ p t h t dt , 29Ž . Ž . Ž . Ž .H
x0
x ab
QY [ q w y w h w dw , 30Ž . Ž . Ž . Ž .H
x0
x Ž . Ž .Ž . b ry1 r rya1r ryar yaPQ [ q w p w P w dw , 31Ž . Ž . Ž . Ž .Ž . Ž .H 1
x0
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and
P [ P x , z [ z x . 32Ž . Ž . Ž .1 1
Ž .THEOREM 3. Let x ) x . Assume that H w, t G 0 for x F t F w, w g I.0 0
Also assume that r ) 1, b ) 0, 0 - a - r, or r - a - 0, b - 0, or ya -
Ž . w xb - 0, 0 - a - r - 1, and that P w exists for all w g x , x , PQ - ‘,1 0
z - ‘. Then
Ž .aqb rrx xa rb




arra Ž .rya rrK [ PQ . 34Ž . Ž .ž /a q b
Proof. Since Ly s h is of fixed sign it follows that
w
y w s H w , t h t dt \ g w . 35Ž . Ž . Ž . Ž . Ž .H
x0
rNow by Holder's inequality with indices r and we haveÈ r y 1
Ž .ry1 rr 1rry w 3 P w z w . 36Ž . Ž . Ž . Ž .Ž .Ž .1
Ž .In 36 it is clear that F holds if r ) 1, and G holds for r - 0 or
0 - r - 1. Here
rXz w s p w h w , z x s 0. 37Ž . Ž . Ž . Ž . Ž .0
Hence it holds that
a yarr arrXh w s p w z w . 38Ž . Ž . Ž . Ž .Ž . Ž .
Thus, if b ) 0 we have
ab
q w y w h wŽ . Ž . Ž .
Ž .b ry1 rr yarr brr arrX3 q w P w p w z w z w , 39Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .1
where F holds if r ) 1, and G holds if r - 0 or 0 - r - 1. On the other
hand, if b - 0 we have
ab
q w y w h wŽ . Ž . Ž .
Ž .b ry1 rr yarr brr arrX, q w P w p w z w z w , 40Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .1
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where G holds if r ) 1, and F holds if r - 0 or 0 - r - 1. Here
Ž Ž ..Žaqb .r a Ž . Ž . w xz x s 0. Next, we integrate 39 and 40 over x , x and apply0 0
Ž .Holder's inequality with indices rra and rr r y a , to obtainÈ
arr
x xab bra Xq w y w h w dw 3 K z w z w dw , 41Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H0
x x0 0
where
ŽŽ . .rya rrK [ PQ . 42Ž . Ž .0
Ž . Ž .Therefore, when F holds in 39 or 40 and we require rra ) 1 we
Ž .obtain 33 , which is clearly true for all mentioned cases in the statement
of the theorem.
The counterpart of the previous result follows.
Ž .THEOREM 4. Let x ) x . Assume again that H w, t G 0 for x F t F w,0 0
w g I. Also assume that
¡ ƒb ) 0, 0 - r - min a , 1 , or a - 0 - r - 1,Ž .
~ ¥0 - b - ya and P w exists for allŽ . 43Ž .1¢ §w xw g x , x , PQ - ‘, QY - ‘0
or
b - 0, a - 0, r ) 1, or 1 - r - a , ya - b - 0,¡ ƒ~ ¥w xand P w , z w exist for all w g x , x ,Ž . Ž . 44Ž .1 0¢ §PQ - ‘, QY - ‘
or
b ) 0, r - 0 - a , or a - r - 0, 0 - b - ya ,¡ ƒ~ ¥w xand z w exists for all w g x , x ,Ž . . 45Ž .0¢ §PQ - ‘, QY - ‘
Then
ŽŽ . .aqb rrx xa rb




arra ŽŽ . .rya rrK [ PQ . 47Ž . Ž .ž /a q b
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Ž .Proof. Clearly inequality 46 follows from the proof of Theorem 3,
r rŽ . Ž .when G holds in 39 or 40 and we require - 0 or 0 - - 1.a a
Ž .Furthermore if r - 0, then from Holder's inequality with indices 1 y rÈ
r y 1Ž .and , we haver
Ž .rr ry1
w Ž .1r 1yrP w F H w , t h t dt z w .Ž . Ž . Ž . Ž .Ž .H1 ž /x0
Ž . Ž . Ž . ŽHence the existence of P w follows from that of z w and g w see1




z w F H w , t h t dt P w ,Ž . Ž . Ž . Ž .Ž .H 1ž /x0
Ž . Ž . Ž .and hence the existence of z w follows from that of P w and g w .1
Ž .With the above remarks inequality 46 clearly makes sense in all cases.
As related results we present
Ž .THEOREM 5. Let x - x . Assume that H w, t F 0 for w F t F x , w g I.0 0
Also assume that r ) 1, b ) 0, 0 - a - r, or r - a - 0, b - 0, or ya -
Ž . w xb - 0, 0 - a - r - 1, and that P w exists for all w g x, x , PQ - ‘,1 0
z - ‘. Then
ŽŽ . .aqb rrx x0 0a rb




arra ŽŽ . .rya rrK [ PQ . 49Ž . Ž .ž /a q b
Proof. Here for x F w F x we have0
w x0
y w s H w , t h t dt s H w , t h t dtŽ . Ž . Ž . Ž . Ž .H H
x w0
x0
s yH w , t h t dtŽ . Ž .Ž .H
w
x0
s yH w , t h t dt \ g w . 50Ž . Ž . Ž . Ž .Ž .H
w
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rNext by Holder's inequality with indices r and we getÈ r y 1
Ž .ry1 rr 1rry w 3 P w z w . 51Ž . Ž . Ž . Ž .Ž .Ž .1
Ž .In 51 it is clear that F holds if r ) 1, and G holds for r - 0 or
0 - r - 1. Here
rXyz w s p w h w , z x s 0. 52Ž . Ž . Ž . Ž . Ž .0
Hence it holds that
a yarr arrXh w s p w yz w . 53Ž . Ž . Ž . Ž .Ž . Ž .
Therefore, if b ) 0 we have
ab
g w y w h wŽ . Ž . Ž .
Ž .b ry1 rr yarr brr arrX3 q w P w p w z w yz w , 54Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .1
where F holds if r ) 1, and G holds if r - 0 or 0 - r - 1. However, if
b - 0 we get
ab
q w y w h wŽ . Ž . Ž .
Ž .b ry1 rr yarr brr arrX4 q w P w p w z w yz w , 55Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .1
where G holds if r ) 1, and F holds if r - 0 or 0 - r - 1. Here
Ž Ž ..ŽŽaqb .r a . Ž . Ž . w xz x s 0. Next, we integrate 54 and 55 over x, x and0 0
rapply Holder's inequality with indices rra and , to findÈ Ž .r y a
arrx x0 0ab bra Xq w y w h w dw 3 K z w yz w dwŽ . Ž . Ž . Ž . Ž .Ž . Ž .H H0
x x
arra Ž .aqb rrs K z x , 56Ž . Ž .Ž .0ž /a q b
where
ŽŽ . .rya rrK [ PQ . 57Ž . Ž .0
rŽ . Ž . Ž .Hence, when F holds in 54 or 55 and we require ) 1 we get 48 ,a
which is clearly true for all mentioned cases in the statement of the
theorem.
The counterpart of the previous theorem comes next.
Ž .THEOREM 6. Let x - x . Assume that H w, t F 0 for w F t F x , w g I.0 0
Also assume that
¡ ƒb ) 0, 0 - r - min a , 1 , or a - 0 - r - 1,Ž .
~ ¥0 - b - ya and P w exists for allŽ . 58Ž .1¢ §w xw g x , x , PQ - ‘, QY - ‘0
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or
b - 0, a - 0, r ) 1, or 1 - r - a , ya - b - 0,¡ ƒ~ ¥w xand P w , z w exist for all w g x , x ,Ž . Ž . 59Ž .1 0¢ §PQ - ‘, QY - ‘
or
b ) 0, r - 0 - a , or a - r - 0, 0 - b - ya ,¡ ƒ~ ¥w xand z w exists for all w g x , x ,Ž . . 60Ž .0¢ §PQ - ‘, QY - ‘
Then
ŽŽ . .aqb rrx x0 0a rb




arra ŽŽ . .rya rrK [ PQ . 62Ž . Ž .ž /a q b
Ž .Proof. Evidently inequality 61 follows from the proof of Theorem 5,
r rŽ . Ž .when G holds in 54 or 55 and we require - 0 or 0 - - 1.a a
Ž .Furthermore if r - 0, then from Holder's inequality with indices 1 y rÈ
r y 1Ž .and , we getr
Ž .rr ry1x0 Ž .1r 1yrP w F H w , t h t dt z w .Ž . Ž . Ž . Ž .Ž .H1 ž /w
Ž . Ž . Ž . ŽHence the existence of P w follows from the one of z w and g w see1




z w F H w , t h t dt P w ,Ž . Ž . Ž . Ž .Ž .H 1ž /w
Ž . Ž .and therefore the existence of z w comes from the existence of P w and1
Ž . Ž .g w . All the above remarks having been made, inequality 61 is valid in
all cases.
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In what follows still Ly s h is of fixed sign and nowhere zero and
a q bŽ . ) 0. So putting things together we obtain:a
COROLLARY 4. Let x , x g I such that x / x . Assume that0 0
w y x H w , t G 0,Ž . Ž .0
for all t between x , w g I. Also assume the rest of common assumptions of0
Theorems 3 and 5. Then
ŽŽ . .aqb rr
x xa rb




arra ŽŽ . .rya rrK [ PQ . 64Ž . Ž .ž /a q b
Proof. The proof follows from Theorems 3 and 5.
COROLLARY 5. Let x , x g I such that x / x . Assume that0 0
w y x H w , t G 0,Ž . Ž .0
for all t between x , w g I. Also assume the rest of the common assumptions0
of Theorems 4 and 6. Then
ŽŽ . .aqb rr
x xa rb




arra ŽŽ . .rya rrK [ PQ . 66Ž . Ž .ž /a q b
Proof. The proof follows from Theorems 4 and 6.
w xRemark 1. This work generalizes the results of 2 , where it is assumed
that p s q s a s b s 1. Also this work treats in general any linear
w xdifferential operator, while 1, pp. 200]204 presents only the special case
of disconjugate linear differential operators.
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3. APPLICATION
We will use the following corollary of Theorem 1.
COROLLARY 6. Let x , x g I such that x G x . Then0 0
1r2
x x w 2y1r2y w Ly w dw F 2 H w , t dt dwŽ . Ž . Ž . Ž .Ž .H H Hž /ž /x x x0 0 0
x 2
? Ly w dw . 67Ž . Ž . Ž .Ž .Hž /x0
Ž .We will use 67 in proving uniqueness of the solution of the general
Ž .initial value problem IVP
X w xLy w s a w ? y w , w g I [ x , b , 0 / a g C I , 68Ž . Ž . Ž . Ž . Ž . Ž .0
Ž i.Ž . 1Ž .such that y x s g , i s 0, 1, . . . , n. Here a g C I , i s 0, 1, . . . , n y0 i i
Ž .1. Assume that there are two solutions y , y to IVP 68 ,1 2
X X
Ly s ay , Ly s ay .Ž . Ž .1 1 2 2
Thus for z [ y y y we get1 2
X Ž i.Lz s az with z x s 0, i s 0, 1, . . . , n.Ž . Ž .0
Ž .That is Lz x s 0. Furthermore0
X
Lz Lz s az LzŽ . Ž . Ž .
and
x xX




xLz wŽ .Ž .
s az Lz dwŽ .H2 x x0 0
and
x x2 5 5Lz x s 2 a w z w Lz w dw F 2 a z w Lz w dw.Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . H ‘H
x x0 0
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Ž .Therefore by 67 we get
1r2
x w2 21r2 5 5Lz x F 2 ? a ? H w , t dt dwŽ . Ž . Ž .Ž . Ž .‘ H Hž /ž /x x0 0
x 2
? Lz w dw , true for all I 2 x G x .Ž . Ž .Ž .H 0ž /x0
That is, there exists M ) 0 such that
x2 2Lz x F M ? Lz w dw , trueŽ . Ž . Ž . Ž .Ž . Ž .Hž /x0
for all I 2 x G x . Consequently, by Gronwall's inequality it follows that0
Ž .Ž . ŽŽ .Ž ..XLz x s 0, for all x G x , and Lz x s 0, for all x G x . Further-0 0
more
a w z w s 0, for all w G x ,Ž . Ž . 0
and
z w s 0, for all w G x .Ž . 0
Finally we obtain
y w s y w , for all I 2 w G x ,Ž . Ž .1 2 0
proving uniqueness.
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